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Taylor Series
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For a function          that is differentiable infinitely many times,

The coefficients       are

For example,

전남대학교화학과



Series Solution of the Differential Equation
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As an example, let us return to the homogenous DE

Alternatively, we can assume a solution of the form

which leads to

when inserted in the DE.

which is readily solved based on the auxiliary equation.
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Series Solution of the Differential Equation
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Grouping the terms with the same power gives the recursion relation

We have two linearly independent series solutions,
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Series Solution of the Differential Equation
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This method is called the series solution of the DE.

This technique becomes more useful in more complicated differential 
equations, as we will see.

Recalling the Taylor expansions of sine and cosine, we can deduce 
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Classical Harmonic Oscillator
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A particle of mass      is attached to a spring whose length at rest is     .

If the particle is moved along the    -axis, the spring will exert a 
restoring force that acts in the opposite direction of the displacement,

Suppose the particle is initially at the position          and velocity         , 
and we want to predict the state of the particle at time    .
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Classical Harmonic Oscillator
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By Newton’s second law, we have

The undetermined coefficients      and      are specified by the initial 
conditions,

If we make the substitution                                , the DE is converted to

which can be easily solved to yield

전남대학교화학과



Classical Harmonic Oscillator
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We can define the potential energy w.r.t. the equilibrium position

As usual, the Hamiltonian function of the system

represents the total energy of the system.

The potential and kinetic energy change with time, but their sum 
remains constant due to energy conservation. 
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Quantum Harmonic Oscillator
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From now on, we will redefine the natural length (equilibrium position) 
of the spring as            , which converts the Hamiltonian to

The quantum mechanical operator corresponding to this Hamiltonian is

This quantum harmonic oscillator Hamiltonian is widely used as the 
simplest model for describing molecular vibrations. 
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Series Solution
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The Schrödinger equation is

which is expressed as

Inserting the series solution

leads to the relations
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Series Solution
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into the original DE and get a new DE in terms of          ,

Such a three-term relations are not easy to handle, and the answer also 
would not be so intuitive. 

Instead of the direct approach, we insert an ansatz

Apply the series solution approach gives a two-term recurrence relation
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Combining this result with                             and                       gives us the 
quantized energies

To satisfy the boundary condition for the wavefunction                              ,     
the series must terminate after finite terms, which means

Series Solution

13

which makes the series terminate at the order    .

for a certain     . This forces       to have the value of
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Series Solution
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Once    is determined, the recursion relation becomes

Therefore, the solutions are

These solutions can be compactly written as

where        is the normalization constant and             is the Hermite 
polynomial of order    .
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Basic Properties of the Solutions
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The first three solutions:
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https://en.wikipedia.org/wiki/Hermite_polynomials



Basic Properties of the Solutions
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The energies of the solution wavefunctions follow

which forms a ladder with an equal spacing of       .

The smallest quantum number for harmonic 
oscillator is           . 

Note that this is different from the particle-in-a-box 
problem, where the quantum number started from 1.

Levine, I. N. Quantum Chemistry, 7th ed.
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Basic Properties of the Solutions
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The solution wave function with the 
quantum number     has     nodes.

The wavefunctions also exhibit 
tunneling through classically 
forbidden region.

Example: 

Levine, I. N. Quantum Chemistry, 7th ed.
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Ladder Operator Formalism
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The classical Hamiltonian can be factorized into

However, for the quantum Hamiltonian, we have an additional term due 
to the commutation relation                   :
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Ladder Operator Formalism
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Then we have

Meanwhile, the Schrödinger equation is

which can be combined with the commutation relations and yield
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Ladder Operator Formalism
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This means that             and                 are also the solutions of the 
Schrödinger equation, with the energies               and                 .

Therefore, the set of solutions

constitutes an “energy ladder” with a uniform spacings of      .

The ladder must terminate at some point, as the energy cannot be 
negative. So there exists the lowest energy solution which satisfies
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Ladder Operator Formalism
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This is first-order differential equation, which can be easily solved by 
separation of variables:

The undetermined constant     can be specified by normalization 
condition

which gives
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Ladder Operator Formalism
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we can infer

What are the higher-energy wavefunctions? We have seen that

but we did not determine the normalization constant.
From the relations
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Validation of Eigenfunction Expression
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We now use the mathematical induction. If

is satisfied, we have
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Matrix Form of the Ladder Operators
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In the Harmonic oscillator eigenbasis , the matrix form of the 
ladder operators are

To connect these matrices to     and    , we use the relations



Matrix Form of the Ladder Operators
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The products of the ladder operators are given as

Also,         is called number operator due to the property
where we can recognize again the commutation relation                    .





Statistical Thermodynamics of QHO
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For the wavefunction , we have

This reflects the fact that the Hamiltonian is symmetric. However,
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Statistical Thermodynamics of QHO

29

At zero temperature, only the ground state (         ) is populated.

This satisfies the lower bound for the uncertainty principle,
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Statistical Thermodynamics of QHO

30

At nonzero temperature, all states are populated according to 
Boltzmann distribution. What is the energy expectation value?

To answer this question, we need to evaluate the expectation value

where the population             is
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Statistical Thermodynamics of QHO
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Meanwhile,

Therefore

Let us evaluate the summations:
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Statistical Thermodynamics of QHO
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The final result is

At high temperature,

which recovers the classical result (correspondence principle). On 
the other hand, the opposite limit is
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